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Motion of Nonsingular Walls in Plane Layer
of Twisted Nematics

V. A. Belyakov1, W. Kuczynski2

1L.D. Landau Institute for Theoretical Physics, Moscow, Russia
2Institute of Molecular Physics, Polish Academy of Sciences,
Poznan, Poland

Motion of a nonsingular flat wall in twisted planar nematic layers is investigated
for a finite strength of the surface anchoring in the cell. The measurements of the
wall velocity as a function of the rotation angle of the cell plate are performed. The
theoretical calculations of the corresponding dependences performed for two differ-
ent model anchoring potentials reveal that for thick samples the both potentials
give almost the same results. For thin samples the calculation results for these
potentials differ significantly. It is shown that the measurements of the wall velo-
city allow the determination of the anchoring strength and may be used for the
reconstruction of the shape of the actual surface anchoring potential.

Keywords: nematics twisting; nonsingular walls; surface anchoring

INTRODUCTION

The behaviour of the structure of confined chiral liqyid crystals (CLC)
with a finite surface anchoring strength under action of continuously
changing external agents (temperature, electric or magnetic field etc.)
attracts now considerable attention due to the interesting physics of
the phenomenon [1,2] and its direct connection to liquid crystal appli-
cations [3]. A typical feature of the corresponding behavior is not only
smooth changes of the structure in some range of the external agent
values but also jump like changes for the definite values of the con-
tinuously changing agent and a hysteresis of these jump-like change
points if the agent is changed in the opposite direction. For example,
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the jump of the pitch in the cell initiated by a smooth variation of the
temperature [1,4,5], electric or magnetic field [6–8] or mechanical
rotation of the surface limiting a cell [9] may occur. As it was shown
[2,10] for a relatively weak surface anchoring the corresponding jump
points and the hysteresis are directly dependent on the shape of the
anchoring potential and its strength, so experimental studies of the
related phenomena may be useful for the reconstruction of the actual
surface anchoring potential. Quite recently another phenomena con-
nected to the shape of the anchoring potential were studied. These
are the temporal dynamics of the pitch jump [2,10] and the motion
of a non-singular wall dividing the areas of different values of the pitch
in a planar CLC layer [11,12]. These studies revealed also the depen-
dence of the temporal evolution of the jump on the shape and the
strength of anchoring for a relatively weak surface anchoring. More
over, the distribution of director in the non-singular wall (moving or
motionless) is also dependent on the shape of surface anchoring
potential [12].

All mentioned phenomena are connected with the large angular
deviation of the director at the layer surface from the alignment direc-
tion. It is why they are suitable for determination of the potential
shape. Recall that at the small angular director deviation angles from
the alignment direction any surface anchoring potential has to be
quadratic on the deviation angle, so the phenomena connected with
small director deviation angles from the alignment direction are insen-
sitive to the shape of the surface anchoring potential. As a first step in
the direction of restoring of the actual shape of the anchoring potential
new model surface anchoring potentials [2,10] were introduced.

It should be noted here that the term ‘‘relatively weak surface
anchoring’’ really is related to the large values of the dimensionless
parameter Sd ¼ K22=Wd, where K22 is the elastic twist modulus, d
is the layer thickness and W is the depth of the surface anchoring
potential. So, at any strength of the anchoring a sufficiently thin
layer (small d) insures the conditions of ‘‘relatively weak surface
anchoring’’.

We shall study below the phenomenon of the same nature, as men-
tioned above, occurring when a varying external agent is the orien-
tation of the planar alignment direction at the surface limiting the
planar nematic layer. This variation is realized by rotation one of
the optical cell plate which results in a twist of the director in the layer
and jumps of this twist [9]. If the mentioned jumps happen in a limited
area of the layer surface the director distribution over the layer
surface become inhomogeneous and a wall, an interface between the
configurations with different twist of the director in the layer, occurs.
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The wall begins its motion in the direction of the area for which the
free energy per a unit layer area is higher than the corresponding
value for the second area. However this wall may be motionless. It
happens if the free energies of the both area per a unit layer area
are the same. Namely, we shall study the motion of a nonsingular flat
wall in twisted plane nematic layers for a finite strength of the surface
anchoring in the cell at variations of the cell thickness and the cell
plate rotation angle.

GENERAL EQUATIONS

Following the approach presented in [9] examine the behavior of the
director distribution in a planar nematic layer of finite thickness
and finite strength of anchoring at one of its surfaces and infinite at
another (see Fig. 1) under rotation of the cell glass plate. At the pro-
cess under consideration smooth and jump-wise changes of the direc-
tor field in the layer are possible. We restrict below the analysis of the
corresponding variations of the director configuration in the layer by
the assumptions that the mechanism of possible jump-wise changes
of the director configuration is connected with overcoming by the
director of the anchoring barrier at the layer surface.

Following [5,9,13] we write the free energy of the layer in the form

Fðu0Þ ¼WsðuÞ þ ðK22=2dÞðu0 þ uÞ2; ð1Þ

where Ws(u) is the surface anchoring potential, u is the angle of devi-
ation of the director orientation at the surface of the layer with finite
anchoring from the rotating alignment direction (i.e., the easy direc-
tion which is rotated together with the plate), u0 is the rotation angle
of the cell glass plate (so u0þu is the resulting angle of the director
twisting over the layer thickness), K22 is the twist Frank modulus

FIGURE 1 Schematic drawing of the layer in the case of unidentical
anchoring at the layer surfaces.
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and d is the sample thickness. We assume for the definiteness that the
initial undistorted state of the nematic cell corresponds to u ¼ u0 ¼ 0.

Under rotation of the cell glass plate, i.e., increasing of u0, the
modulus of the angle u (at the beginning of the plate rotation the angle
u is negative) is also smoothly increasing. However for u0 > p=2 an
abrupt changing of u may occur (see [9] and the comments on the poss-
ible stabilization rotation at u0 > p=2 there).

The angle u may be found from the conditions of minimum of the
free energy (1) what gives the following equations for u:

@WsðuÞ=@uþ ðK22=dÞðuþ u0Þ ¼ 0 ð2Þ

The analysis of the Eq. (2) shows that a smooth changing of the direc-
tor deviation angle u is possible while the modulus u is less than
some critical angle uc. Upon achieving by u of the critical value uc

a jump-like change of the pitch occurs and the transition to a new
configuration of the director in the layer differing by one in the
number of the director half-turns N in the layer occurs. For example,
at infinitely strong anchoring at the both surfaces, in our assumption
on stability of the planar texture of the cell under rotation of glass
plate, the director twist angle (or the number of half-turns N) is just
the same as the angle u0 and formally may be arbitrary large. At finite
strength of anchoring the maximum director twist angle (and conse-
quently, N) is limited by the strength of anchoring. In reality, of
course, even at infinitely strong anchoring the maximum director
twist angle is also limited and a transition of the system to the ground
state with N� 1 takes place through some mechanism different from
the examined here one.

In our case of a finite strength of anchoring at one of the surfaces
said above means that it is possible to reach only some finite value
of Nc (angle of director twist in the layer) by rotating the cell glass
plate. Further rotation of the plate does not allow increasing this limit-
ing value Nc and will result only in a sequence of jump-wise (decreas-
ing) and smooth (increasing) variations of N around Nc.

The value of critical angle in the general case is dependent on the
shape of anchoring potential and the anchoring strength at both sur-
faces [1,5]. So the explicit expressions for uc shall be given below for
each model potential used in calculations (see Appendix).

The value of the cell glass plate rotation angle at the jump point u0c

is determined by the expression

u0c ¼ ½@WsðuÞ=@u�u¼uc=ðK22=dÞ � uc: ð3Þ
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The angle between alignment direction and director just after the
jump uj is determined by the solution of the following equation

@WsðuÞ=@uþ ðK22=dÞ½uþ u0c � p� ¼ 0: ð4Þ

As it was shown [1,5] the variations of the pitch in the layer and, in
particular, the director twist hysteresis are determined by the dimen-
sionless parameter Sd ¼ K22=Wd, where W is the depth of the anchor-
ing potential. This behavior is rather universal because it is not
directly dependent on the sample thickness. It means that for every
specific form of the anchoring potential the expressions (1–4) may be
transformed to the form, which includes the parameters of the
problem d, K22, W only in the combination, which reduces to the
dimensionless parameter Sd.

At the next section the given above general expressions will be
applied to the specific model anchoring potentials.

Infinitely Strong Anchoring at One Surface

Let us apply the given above general expressions to the specific case of
infinitely strong anchoring at one of the layer surface and finite
anchoring at other surface described by the specific potential Ws(u)
(see Appendix). The expressions for the free energy given by
Eqs. (1, 2) and others reduce to the following expressions for R-P-
potential (A.4 at n ¼ 1).

For the free energy one gets from (2):

FðTÞ=W ¼ ½� cos2 uþ Sdðuþ u0Þ2�=2; ð5Þ

where the dimensionless parameter Sd ¼ K22=Wd was already men-
tioned above.

The angle of director deviation u from the rotating alignment
direction is determined by the following expression

sin 2uþ 2Sdðuþ u0Þ ¼ 0 ð6Þ

and the critical angle uc is determined by the relationship

cos 2uc þ Sd ¼ 0; ð7Þ

i.e. uc ¼ ½arc; cosð�SdÞ�=2:
The Eq. (7) and calculations show that the critical angle uc is depen-

dent on the parameter Sd contrary to the case of identical anchoring
at the both surfaces [1,5].
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The value of the cell glass plate rotation angle u0c corresponding
to the jump point is determined from (7) by the following formula

u0c ¼ uc þ ðsin 2ucÞ=2Sd ð8Þ

Solution of Eq. (7) exists only for Sd < 1. It means that for weak
anchoring (or thin layers) jump-wise changes of director configuration
in the layer may be absent. However it should be mentioned that
because the Eq. (7) for critical angle was obtained for Rapini-Papoular
anchoring model potential the last statement is model dependent. So,
experimental investigations of the jump-wise changes of director con-
figuration in the layer may be used for determination of the real shape
of the anchoring potential and its deviations from Rapini-Papoular
anchoring model potential.

The value of uj, i.e., the angle between alignment direction and
director just after the jump, is determined by the solution of the

FIGURE 2 Rapini-Papoular (R-P) and B-anchoring potentials and R-P
and B-like narrow anchoring potentials.
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following equation:

. . . sin 2uj þ 2 Sd½uj � ½arc cosð�SdÞ�=2þ ðsin 2ucÞ=2Sd � p� ¼ 0; ð9Þ

The expressions for the free energy given by Eqs. (1, 2) and
following from them formulas reduce to the following expressions for
B-potential (A.1).

For the free energy one gets from (2):

FðTÞ=W ¼ ½�2 cos2ðu=2Þ þ 1þ Sdðuþ u0Þ
2�=2: ð10Þ

The angle of director deviation u is determined by the following
expressions

sin uþ 2Sdðuþ u0Þ ¼ 0 ð11Þ

The critical angle uc for B-potential remains to be p=2 as in the case of
identical anchoring at both surfaces.

The value of the cell glass plate rotation angle at the jump point u0c

is determined from (11) by the following formula

u0c ¼ u0ðucÞ ¼ p=2þ 1=ð2SdÞ ð12Þ

The value of uj, i.e. the angle between alignment direction and director
just after the jump, is determined by the solution of the following
equation:

sin uj þ 2Sd½uj þ 1=ð2SdÞ � p=2� ¼ 0; ð13Þ

The given above values of the angles of the director deviation from
the rotating alignment direction just before and after the jump and the
corresponding value of the cell glass plate rotation angle may be used
for the solution of the dynamical problem related to the pitch jump
because these values completely determine the initial and final state
in the problem to be solved (see [2,10]).

STEADY STATE CALCULATION RESULTS

Below are reproduced the calculation results [9] for the case of
infinitely strong anchoring at one of the layer surface and finite
anchoring at other surface described by the potential Ws(u) of two
shapes, R-P and B-potential (A.4 for n ¼ 1 and A.1).

At Figures 3, 4 the director twist angle versus the increasing
plate rotation angle is presented. Figures 3, 4 reveal qualitative
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difference for these two potentials in the distribution of twisting of the
director in the layer caused by the plate rotation. For a strong anchor-
ing (small Sd) the director twist angle versus the plate rotation angle
are almost the same for both the R-P and B-potentials. However for
a weak anchoring (large Sd) there is a difference between R-P and
B-potentials (compare Figs. 3, 4). For the R-P-potential the changes
of the director twist angle may be completely smooth for a weak

FIGURE 4 Director twist angle versus the plate rotation angle for
B-potential (Sd ¼ 0.1,1,10 (from the top to the bottom)).

FIGURE 3 Director twist angle versus the plate rotation angle for
R-P-potential (Sd ¼ 0.1,1,10 (from the top to the bottom)).
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anchoring (large Sd) under the plate rotation at any angle and include
jump-wise changes for strong anchoring (small Sd) similar to those
ones for B-potential. In the case of B-potential the jump-wise changes
of the director twist angle are present at any strength of anchoring
while for the R-P-potential at the large Sd > 1 the changes of the direc-
tor twist angle under the plate rotation at any angle are smooth. It
means that for B-potential a bistability reveals itself at any strength
of anchoring while for the R-P-potential it appears only for a suffi-
ciently strong anchoring.

At the opposite direction of the plate rotation angle the jump points
don’t coincide with the previous ones and a hysteresis in the curve ‘‘the
director twist versus the plate rotation’’ reveals itself (see also [1,5]
related to the temperature hysteresis). Figures 3, 4 show also that
for the B-potential for any strength of the anchoring and for the
R-P-potential for sufficiently strong anchoring (Sd < 1) hysteresis of
the jump point for opposite direction of the plate rotation exists. If
one denotes by uþ0j and u�0j the plate rotation angle corresponding to
the director twist jump for the plate rotation in the initial and the
opposite direction, respectively, the corresponding hysteresis in the
value of u0 is equal to uþ0j� u�0j ¼ 1=Sd for B-potential and uþ0j� u�0j

¼ 2ucþ (sin2uc)=Sd-p for R-P-potential̃. Becausefor R-P-potential
p=4 < uc < p=2 the hysteresis for it is less than the hysteresis for
B-potential at the same Sd and reduces to zero for Sd ¼ 1. The absence
of the hysteresis for R-P-potential at weak anchoring (Sd > 1) constitutes
a qualitative difference between R-P and B-potentials.

As one sees from the Figures 3, 4 the jumps of the director twist
angles result in a new homogeneous configuration of the director in
the layer. However if the jump occurs in the limited area of the cell
surface a wall may arise between the areas of different director twist
in the layer. The wall begins its motion in the direction of the area for
which the free energy per a unit layer area is higher than the corre-
sponding value for the second area. However this wall may be motion-
less. It happens if the free energies of the both area per a unit layer
area are the same. It corresponds to the plate rotation angle to be
equal to p=2.

The jumps points at Figures 3, 4 happen at u ¼ uc and corresponds
to the maximal difference of the free energies, i.e. to the maximal velo-
city of the wall. But if the plate rotation angle is reduced to p=2 the
wall will stop. If the plate rotation angle u0 satisfies to the condition
p=2 < u0 < u0c the velocity of the wall is between zero and its maximal
value corresponding to u0c. So, there is a simple way to change the
wall velocity by rotating a cell plate and consequently a problem arise
to find the wall velocity as a function the plate rotation angle.
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Motion of a Flat Wall

The wall between the area of a planar nematic layer with differing
twisting of the director at the layer thickness and its motion are very
similar to the corresponding problem for a cholesteric planar layer
studied recently in [12]. It is why we shall use the main results of
the cited paper with needed modifications omitting the details which
may be found in [12]. Like in [12] we shall consider a non-singular flat
wall moving at a constant velocity vs in the direction perpendicular
to the wall.

The velocity vs is determined by the condition of equality of the
viscose energy dissipation rate to the rate of the energy release due
to the transition from the twisted configuration of a higher free energy
(per a unit area) to the configuration of a lower free energy. It is depen-
dent on the difference of the free energies of the layer (per a unit area)
for these configurations, distribution of the director in the wall, the
rotational viscosity of the nematic c1, and is determined by the
expression [11,12]:

vs ¼ �DF=ðc1VÞ; ð14Þ

where DF is the difference of the free energies of the layer (per a unit
area) for the twist configurations under the consideration dependent
on the plate rotation angle u0 and V is the dependent on the wall struc-
ture dissipation integral determined by the following formula:

V ¼
Z
ðdøðx; zÞ=dxÞ2dzdx; ð15Þ

where the integration is carried out all over the layer volume, ø(x,z) is
the local (dependent on the coordinate x along the wall motion and
coordinate z detrmining the distance from the the layer surface) direc-
tor twist angle. One can calculate exactly the first factor DF in the
right side of Eq. (14) using Eq. (1) for the free energy of the layer as
a function of at u0. An exact calculation of the dissipation integral
assumes the knowledge of the director distribution in the wall. Gener-
ally speaking the director distribution in the wall is dependent on the
wall velocity vs, however following [12] we shall neglect by the differ-
ence of the moving and motionless wall shape in the calculations of the
wall velocity vs and shall exploit the results on the motionless walls
obtained in [12].

It was shown [12] that a dimensionless motionless wall shape pre-
sented as the director twist angle divided by the angular jump versus
the coordinate x divided by the wall thickness is almost independent
on the parameters of the problem. So, in the direct analogy with
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[14,15] (see also Chapter 3 in ref. [16a]) one gets the following approxi-
mate analytical expression for us ¼ p=2� u [12] (i.e., for the director
twist angle relative to the surface director orientation at the centre
of the wall).

us=ðp=2� ueÞ ¼ �f1� ð4=pÞarctg½expð�jxj=LÞ�g; ð16Þ

where p� 2ue is the angular jump at the wall and L is the wall thick-
ness and in (16) the opposite signs have to be used at the opposite sides
of the wall.

Under our assumption on coincidence of the shapes of moving and
motionless wall one gets with the help of (16) the following expression
for the entering in (14) dissipation integral (15)

V ¼ ð1� 2ue=pÞ
2ð2d=3LÞ: ð17Þ

It is convenient to present the variations of wall velocity vs versus
the plate rotation angle u0 normalized by the velocity at some charac-
teristic twist (for example at the twist angle of absolute instability,
i.e., at u0 ¼ u0c (see Figs. 3, 4):

vsðu0Þ=vsðu0cÞ ¼ ½DFðu0Þ=DFðu0cÞ�½Vðu0cÞ=Vðu0Þ�; ð18Þ

where V(u0) is the dependent on the plate rotation angle u0 dissipation
integral determined by the Eq. (15). One can calculate exactly the first
factor in the right side of Eq. (18) using Eq. (1) for the free energy of
the layer as a function of u0. What is concerned of the second factor
in the right side of Eq. (18) it may be calculated relatively simple if
one accepts the discussed above approximation of the independence
of the wall shape on the wall velocity. Under this assumption the
dissipation integral is given by the expressions (17) where the factor
p(1� 2ue=p), i.e., the angular jump of the director at the wall for a
motionless wall, has to be changed by the angular jump Du(u0) for a
moving wall dependent on the plate rotation angle u0. Du(u0) has to
be calculated on the base of the free energy (1) and may be presented
as a function of u0. Finally expression (18) reduces to:

vsðu0Þ=vsðu0cÞ ¼ ½DFðu0Þ=DFðu0cÞ�½Duðu0cÞ=Duðu0Þ�2½Lðu0Þ=Lðu0cÞ�:
ð19Þ

As a first approximation one may assume that the wall width L in (19)
is independent on the plate rotation angle u0.

It is useful to present here a simple formula for vs(u0) to which
Eq. (14) reduces if the wall is almost a motionless one, i.e., if the
director deviation angle from the alignment direction at the surface
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u is very close to the corresponding director deviation angle ue for a
motionless wall what just corresponds for the plate rotation angle u0

being close to p=2. In this limit one using Eqs. (1, 2) easily finds that
Eq. (14) reduces to

vs ¼ 2ðu0 � p=2Þð@WsðuÞ=@uÞu¼ue=ðc1VÞ ð20Þ

which shows that for u0 close to p=2 the velocity vs is linearly
dependent on the plate rotation angle.

The relationship (20) may be useful for the experimental restoration
of the actual surface anchoring potential. Really, the measured wall
velocity is proportional (with a known proportionality factor) to the
derivative of the surface anchoring potential at the angle u ¼ ue. It
means that one can restore experimentally the derivative of the sur-
face anchoring potential in sufficiently wide angular interval of uby
varying ue (the last may be done, for example, by varying the sample
thickness). The calculations of ue as a function of the layer thickness
and the parameter Sd for the model R-P and B- potentials may be
found in [9] (see Figs. 5, 6 in [9]).

FIGURE 5 Calculated flat wall velocity versus the plate rotation angle for
B-potential at Sd ¼ 1=2p, 1=p, 1, 3 (from the bottom to the top) normalized
by velocity at the critical free rotation angle for Sd ¼ 1=2p).
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CALCULATION RESULTS ON THE WALL MOTION

The calculated dependences of the wall dimensionless velocity, i.e.,
vs(u0)=vs(u0c), on the plate rotation angle for the R-P- and B-potentials
(see Appendix) under the simplifying assumption that the wall width
does not depend on the plate rotation angle, i.e., [L(u0)=L(u0c)]� 1 in
Eq. (19), are presented at Figures 5, 6. The calculated at Figures 5, 6
dependences of the flat wall velocity on the plate rotation angle reveal
essential difference for the R-P- and B-potentials. The qualitative dif-
ference is in the fact that for the B-potential a moving (as well as a
motionless) wall exists at any value of the parameter Sd and for the
R-P-potential a moving (as well as a motionless) wall exists if only
Sd < 1. What is concerned of the quantitative side, as the Figures 5, 6
show, the velocity of a flat wall for the same value of Sd is significantly
higher for the B-potential. This correlates with the temperature
dependences of the non-singular walls in cholesterics [12]. The depen-
dencies of the flat wall velocity in cholesterics on the layer thickness
and the parameter Sd, as the calculations performed in [11] demon-
strate, are also quite different for the R-P- and B-potentials. What is
concerned of the absolute value of the maximal flat wall velocity

FIGURE 6 Calculated flat wall velocity versus the plate rotation angle, for
R-P-potential at Sd ¼ 1=2p, 1=p, 0.5, 0.95 (from the bottom to the top)
normalized by velocity at the critical plate rotation angle for Sd ¼ 1=2p for
B-potential.
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vs(u0c)� vs(uc) (see [11,12]), for the B-potential at the layer thickness
d ¼ 5 mm, typical values of K22, c1 [16] and Sd� 1=2 it occurs to
be � 2 mm=s and 10–15 times less for the R-P-potential decreasing
with growth of the layer thickness for the both model potentials
(the natural scale of the wall velocity is K22=dc1� 0.1 mm=s for
the same parameters of the layer). It means that the experimental
investigations of a flat wall motion may be used to distinguish possible
different shapes of the surface anchoring potential.

EXPERIMENTAL

We prepared the measuring cell consisted of two carefully cleaned
glass plates. Both plates were unidirectional rubbed. This procedure

FIGURE 7 The wall observed under polarizing microscope (the long edge of
the photograph is 600 microns) at the layer thickness d ¼ 4.4 mm, (a) motion-
less wall (plate rotation angle u0 ¼ 90�), (b) plate rotation angle u0 ¼ 170�,
(c) motionless wall (plate rotation angle u0 ¼ 270�).
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secured a homogeneous, planar orientation of the nematic layer. One
plate was gently rubbed on a velvet patch, and the other–using a buff-
ing machine. Gentle rubbing gave rather weak anchoring. The experi-
ments were performed with the liquid crystal 1-(trans-4-
hexyloxycyclohexyl)-4-isothiocyanatobenzene (abbreviated 6CHBT
here). The nematic phase in this material has a large temperature
range, including room temperature (from 12�C up to 42�C). The
nematic liquid crystal 6CHBT was introduced between the plates
arranged with the rubbing directions parallel and the sample was
placed on the microscope stage between crossed polarizers. The bottom
plate prepared for rather weak anchoring was fixed to the stage. The
upper plate prepared to get strong anchoring was fixed to the micro-
scope objective. Then, the microscope stage was turned by an angle
u from the range 90–180 degrees causing the twisting of the nematic
director within the sample. After some time ranging from seconds to
minutes (depending on the value of u) a wall separating areas with
director twist differing by 180 degree was created. To diminish the
elastic energy, the area with smaller twist was growing at the expense
of the area with larger twist, so the wall was moving. After a while, the
line adopted the straight shape and moved with a constant velocity.
Typical examples of the wall, as observed under polarizing microscope,
are shown in Figure 7.

The movement of the wall was registered with a digital camera
attached to the microscope and stored in the personal computer.

FIGURE 8 Measured flat wall velocity versus the plate rotation angle (at the
layer thickness d ¼ 4.4mm).
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The registration speed was 15 frames=second. The records were ana-
lyzed after splitting the file into individual pictures.

In the limit of small deviations of the plate rotation angle from p=2
(the rotation angle corresponding to a motionless wall) the wall
velocity was a linear function of the plate rotation angle (see Fig. 8),
as the theory predicts according Eq. (20).

The analysis demonstrated that in agreement with Eq. (14) the
straight walls were moving with a constant velocity. Example are
shown in Figure 9.

CONCLUSION

The presented above results show that the variations of a flat wall
velocity under rotation of the easy direction in a plane nematic layers
with a finite strength of surface anchoring (as well as the temperature
variations of a flat wall velocity in plane cholesteric layers with a finite
strength of surface anchoring [11,12] and the dynamics of pitch jump
in the same layers [2,9,10]) are directly dependent on the shape
and the strength (dimensionless parameter Sd) of anchoring potential.
It is why the studies of these phenomena allow one in the simplest case
to determine anchoring strength and in general case not only to deter-
mine the anchoring strength but also to reconstruct the shape of
anchoring potential. In particular, these results may be considered
also as a starting point for studying of the dynamics of the director

FIGURE 9 Measured distance covered by a flat wall versus the time for
several plate rotation angles (at the layer thickness d ¼ 4.4mm).
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configuration transformations at finite surface anchoring. Note, that
the difference of the anchoring potentials reveals itself in a full
strength if the surface anchoring is sufficiently weak. The recent
advance in obtaining low surface anchoring energy [17,18] allows to
hope that the reconstruction of the anchoring potential shape is a
quite solvable experimental problem. What is concerned of the results
of the present study they demonstrate a qualitative agreement of the
theory and experiment and show that for a quantitive comparison of
the theory and experiment further experimental studies have to be
performed.

There is another aspect of the problem not touched here. One
also has to keep in the mind that a nonsingular wall dividing the
areas of different director twist may exist for sufficiently thin layers
only [12] and above some critical thickness of the layer it has to be
substituted by a defect line in the director distribution. So, the
obtained above expressions for the wall velocity as a function of
the plate rotation angle ‘‘work’’ for the layer thicknesses below the
mentioned critical thickness only. It is why if one experimentally
finds the point (thickness), for which the above expressions for
the wall velocity failed to ‘‘work’’, it opens a new way to estimate
the defect line energy. Just at this thickness the nonsingular wall
energy becomes equal to the defect line energy the precise
knowledge of which is rather vague [16,19,20]. So, along with the
mentioned way to restore the actual surface anchoring potential
by measuring the wall velocity the studies of the wall velocity
dependence on the layer thickness for determining the linear defect
energy may be regarded as a quite urgent experimental problem in
the physics of liquid crystals.

APPENDIX

New Model Surface Anchoring Potentials

For the purpose of easy reference we give below expressions for the
Rapini-Papoular (R-P), so called, B-potential recently introduced in
[2], and the narrow angular width R-P-like and B-like model surface
anchoring potentials introduced in [10,11] (see Fig. 2).

The B-potential [2] is given by the formula:

WsðuÞ ¼ �W½cos2ðu=2Þ � 1=2�; if �p=2 < u < p=2: ðA:1Þ

The period of the B-potential is p, i.e., Ws(uþ p) ¼Ws(u).
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The narrow Bn-potential (n > 1):

WsðuÞ ¼ �Wðcos2ðnu=2Þ � 1=2Þ; if �p=2 < u < p=2n;

WsðuÞ ¼ 0; if p=2n < juj < p=2;
ðA:2Þ

and continued periodically to juj > p=2 (see Fig. 2), according to the
relation Ws(u) ¼Ws(u� p), where n > 1 (n ¼ 1 corresponds to the
B-potential).

The free energy (1) for the Bn-potential accepts the following form:

FðTÞ=W ¼ �ðcos2ðnu=2Þ;�1=2Þ þ ðSd=2Þ½u� u0ðTÞ�2

if �p=2n < u < p=2n;

FðTÞ=W ¼ ðSd=2Þ½u� u0ðTÞ�
2

if p=2n < juj < p� p=2n:

ðA:3Þ

By a similar way, as Bn-potential, is determined the narrow
R-Pn-potential:

WsðuÞ ¼ �ðW=2Þðcos2ðnuÞ; if �p=2n < u < p=2n;

WsðuÞ ¼ 0; if p=2n < juj < p=2;
ðA:4Þ

and continued periodically to juj > p=2 (see Fig. 2), according to
the relation Ws(u) ¼Ws(u� p), where n > 1 (n ¼ 1 corresponds to
the R-P-potential).

The free energy (1) for the R-Pn-potential accepts the following
form:

FðTÞ=W ¼ ½� cos2ðnuÞ þ Sd½u� u0ðTÞ�2�1=2; if �p=2n < u < p=2n;

FðTÞ=W ¼ ðSd=2Þ½u� u0ðTÞ�2; if p=2n < juj < p� p=2n:

ðA:5Þ

One has to keep in the mind that the B-potential, being an
alternative to the R-P-potential, is some simple and convenient
idealization of the physically acceptable surface anchoring potential.
Namely, the B-potential has a discontinuous first derivative at the
maximum point (edge of the potential well) and thus the curvature
is infinitely large. However, one should accept it as a simple model
for a class of possible potentials with a very sharp maximum (i.e.
very large but finite curvature at the well edge). What is concerned
of the R-P-like and B-like surface anchoring potentials with a nar-
row angular potential well they are natural generalizations of
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the R-P- and B-potentials which may be useful in the case of a
liquid crystal limited, for example, by a single crystal. In this case
more than one alignment direction exists, so the widths of
anchoring potential well corresponding to each alignment direction
have to be less than p. If one alignment direction is much ‘‘stronger’’
than all other ones, it is possible in the first approximation to
neglect by all surface anchoring wells except the one related to the
‘‘strong alignment direction.’’ As a result one obtains the potential
of R-Pn- and Bn-type discussed here.
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